Abstract. We give symmetric characterizations, with respect to the Fourier transformation, of the Gelfand-Shilov spaces of (generalized) type S and type W . These results explain more clearly the invariance of these spaces under the Fourier transformations.
Introduction
The purpose of this paper is to give new characterizations of the Gelfand-Shilov spaces of (generalized) type S and type W by means of the Fourier transformation. Gelfand and Shilov introduced the above spaces in [6] to study the uniqueness of the Cauchy problems of partial differential equations. In [1] the Schwartz space S is characterized by the estimates for some h, k > 0 in [2] . Generalizing the above results in a similar manner we give more symmetric characterizations of the Gelfand-Shilov spaces in terms of the Fourier transformations as follows.
I. For the space S s r the following statements are equivalent.
II. For the space S

Np
Mp the following statements are equivalent.
where M (x) and N(ξ) are associated functions of M p and N p , respectively (see (2.1) for the definition). III. For the space W Ω M the following statements are equivalent.
where Ω * is the Young conjugate of Ω (see Definition 3.3).
Characterization of Gelfand-Shilov spaces of (generalized) type S
In this section we characterize the Gelfand-Shilov spaces of type S and generalized type S in a more symmetric way by means of the Fourier transformation, which are generalizations of (1.2) and (1.3).
We first introduce the 
for some positive constants A and B for all multi-indices α and β. 
for all multi-indices α and β.
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Proof. The implications (i) ⇒ (ii) and (i) ⇒ (iii) follow immediately from the
Np . We now prove the implication (ii) ⇒ (i). We can use the L 2 -norm instead of the supremum norm. Using integration by parts, the Leibniz formula and the Schwarz inequality we obtain
It follows from the conditions (M.1), (M.2) and
which implies that ϕ(x) belongs to S Np Mp . Therefore, it remains to prove (iii) ⇒ (ii). The inequality |ξ
where N (ρ) is the associated function of N p defined by
Therefore, by the conditions (M.1) and (M.2) of N p we have
which completes the proof.
Using the associated function as in (2. 
In particular, putting M p = p! r and N p = p! s we can give simple characterizations for the Gelfand-Shilov spaces of type S as corollaries. 
Remark. We can easily prove the similar results on the characterization of S Mp and S Np .
Characterization of Gelfand-Shilov spaces of type W
In this section we characterize the Gelfand-Shilov spaces of type W in a more symmetric way by means of the Fourier transformation.
Let M (x) and Ω(y) be differentiable functions on [0, ∞) satisfying the condition (K): M (0) = Ω(0) = M (0) = Ω (0) = 0 and their derivatives are continuous, increasing and tending to infinity.
We now define the Gelfand-Shilov spaces of type W as in [6] . In order to relate the sequences M p and the functions M (x) we need the following definitions.
Definition 3.2. If M (ρ)
is an increasing convex function in log ρ and increases more rapidly than log ρ p for any p as ρ tends to infinity, we define its defining sequence by To prove the main theorem on the characterizations of the Gelfand-Shilov spaces of type W we need the following relations between the defining sequences and the associated functions as in [3, 5, 9] . Dividing |ξ| |α| in both sides of the inequality (3.5) and taking infimum for |α| in the right-hand side of (3.5), we have
Note that we may use |ξ| Remark. We can prove the characterization theorem for W M and W Ω similarly.
